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ABSTRACT

This paper investigates the dynamic response and Single-walled carbon nanotube’s vibrational properties under
varying conditions. This study uses a blend of theoretical modeling and empirical analysis to investigate the
effects of different parameters on the behavior. The Galerkin method was used to derive and simplify the
nonlinear Partial Differential Equation that represented the motion of the Single-walled carbon nanotube into an
Ordinary Differential Equation. The Differential Transform Method is then used to solve the resulting Ordinary
Differential Equation. The application of Cosine After-Treatment and Sine After-Treatment techniques guarantees
the validity of the solution over longer time domains. The impacts of nonlocal elasticity, nonlinear foundation
parameters, and mode number on the system’s response are thoroughly examined. Furthermore, this study in-
tegrates machine learning to enhance the analysis and visualization of the nanotube’s deflection and vibration
effects. Simulated data are used to train various machine learning models using Extreme Gradient Boosting
(XGBoost). The study also includes the development of a mobile application to provide an interactive platform
for visualizing the nanotube’s dynamic response, making the findings accessible to a broader audience. The
results are relevant to nano-electromechanical systems, nanofluidic transport, nanosensors, energy harvesting
devices, and medicinal systems where vibrational stability and dependability are essential. This subsequently
advances the knowledge of Single-walled carbon nanotube’s behavior and lay the groundwork for further studies
in this field.

1. Introduction

semiconductors, with applications in high-performance infrared photo-
detectors. They also contribute to environmental solutions, such as air
and water purification, and CO2 capture. Lastly, SWCNTs are revolu-
tionizing fabrics and fibers, enabling temperature-regulated smart fab-

The capacity to analyze, predict, and visualize the nonlinear dy-
namics of Single-walled carbon nanotubes (SWCNTs) remains a chal-
lenging and largely unexplored area, making it an attractive subject of
investigation. SWCNTs are adaptable for a variety of applications due to
their exceptional mechanical, thermal, and electrical properties. In
biomedicine, SWCNTs are used in diagnostics, targeted therapies, and
drug delivery, showing significant potential in cancer treatment and
wearable health devices. SWCNTs also play a key role in energy storage,
notably in fuel cells and solar energy systems, due to their vast surface
area and thermal conductivity. In electronics and optoelectronics,
SWCNTs are regarded as future replacements for conventional
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rics that enhance thermal management and personal comfort. Flow-
induced vibration in SWCNTs has a direct effect on the dependability
of nanofluid transport, nano-electromechanical systems, and nano-
sensors, where unregulated oscillations can result in breakdown or
performance loss. With practical applications in biomedical systems,
environmental monitoring, and advanced materials technologies, a
deeper understanding of these vibration dynamics aids in the develop-
ment of stable, vibration-resistant nanodevices and energy harvesters.
Lu et al. [1] investigated electronic relaxation and vibrational dynamics
in SWCNTs with the use of ultrashort visible pulse laser and transient

Received 23 August 2025; Received in revised form 26 September 2025; Accepted 28 September 2025

Available online 11 October 2025

2949-8228/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


mailto:aayinusa@unilag.edu.ng
www.sciencedirect.com/science/journal/29498228
https://www.sciencedirect.com/journal/next-materials
https://doi.org/10.1016/j.nxmate.2025.101277
https://doi.org/10.1016/j.nxmate.2025.101277
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nxmate.2025.101277&domain=pdf
http://creativecommons.org/licenses/by/4.0/

A.A. Yinusa et al.

Next Materials 9 (2025) 101277

Nomenclature
L Length
p mass density of beam
w lateral displacement of beam
A area of cross-section
lo, 11 Bessel terms
t time
t dimensionless time
pressure
ki,ks Winkler-like elastic foundation coefficient
p density of fluid
I moment of inertia
(eoa) non-local parameter
K spring stiffness
B 2D Magnetic field
Qcar Regularisation term CATBoost
Tp(x) prediction of the b-th tree for the instance x
T the number of trees in the ensemble
wyj the weight of the j-th leaf in the i-th tree
A the L2 regularisation parameter

E Young modulus

U(r) fluid velocity distribution

ms mass of nanofluid

K, Knusden number

¢ downstream angle

T elastic stiffness matrix of classical isotropic elasticity
ty thickness

Yi true label for the i-th instance

Oxx non-local stress tensor

I surface moment of inertia

R; radius of CNT

s fluid density

G shear modulus

QxGB Regularisation term XGBoost

n; number of trees in the forest

}A'i predicted label for the i-th instance
d the number of leaves in each tree
T the L1 regularization parameter

Lq the loss function

absorption spectroscopy, focusing on intra-band and inter-band relaxa-
tion processes. Using Euler-Bernoulli theory and nonlocal elasticity, the
nonlinear thermal-magneto-mechanical stability and vibration of
branching nanotubes transporting nano-magnetic fluid were investi-
gated by Yinusa and Sobamowo [2]. The  derived
thermos-fluidic-vibration equation was analytically solved with Galer-
kin decomposition and Differential Transform Method (DTM). Yinusa
and Sobamowo [3] also studied the dynamic behavior of tensioned
SWCNTs in thermal and pressurized environments, using
Bernoulli-Euler and thermal elasticity mechanics to analyze vibration
modes and deflection. The study revealed that increasing pressure en-
hances nanotube deflection across various vibration modes. Tugolukov
and Ali [4] reviewed the enhancement of heat transfer and thermal
conductivity in conventional fluids by incorporating carbon nanotubes
(CNTs). Their work demonstrates how CNT concentration and temper-
ature improve thermal properties, which could be extended to under-
stand thermal effects in SWCNTs used in dynamic response applications.
Using Euler-Bernoulli kinematics and nano-mechanics theory to simu-
late CNT vibrations, Mohamed and Nazira [5] examined the nonlinear
stability and dynamic behaviors of CNTs in pre-buckling and
post-buckling domains. The dynamics of double-walled CNTs on a
Winkler-Pasternak foundation under mechanical impact, utilizing
Galerkin-Bubnov method and Eringen’s nonlocal elastic theory was
analyzed and investigated by Herisanu et al. [6]. Miyashiro et al., [7]
explored the mechanical vibration of SWCNTs with various aspect ra-
tios, revealing that larger aspect ratios align with Bernoulli-Euler beam
theory. For the purpose of simulating dynamic responses in nanotube
systems, their research sheds light on the vibrational properties of
SWCNTs. Oveissi et al. [8] investigated electrical energy harvesting from
the vibrations of axially moving composite nanoshells carrying nano-
fluid. While focusing on composite structures, the study highlights the
potential of harnessing vibrational energy from SWCNTs in dynamic
environments. In their investigation of CNTs’ medicinal uses, Ahmed
et al. [9] primarily examined how they might be used to treat cancer.
They also explored the diverse ways in which CNTs can be employed as
carriers for therapeutic agents, and they highlighted their potential in
photothermal therapy for cancer. The mechanical properties of SWCNTs
using molecular dynamics simulations and Artificial Neural Networks
(ANNSs) were investigated by Canadija [10]. The study focused on the
influence of chirality and provided accurate predictions of mechanical
properties, directly relevant to understanding SWCNT behavior under

dynamic and vibrational conditions. Technically and recently, Machine
Learning (ML) has demonstrated flexibility. This enables its successful
implementations in problems springing out of various areas or disci-
plines. Consequently, Vivanco-Benavides et al. [11] explored the inte-
gration of ML in modeling the physical properties of CNTs. It
emphasized the flexibility and successful application of ML across
various domains, particularly in predicting material responses and
describing properties of CNTs. Forster et al. [12] addressed the tedious
task of identifying CNT chirality from high-resolution transmission
electron microscopy (HRTEM) images. They presented a powerful
Convolutional Neural Network (CNN) trained on a massive, realistic
dataset of simulated images. This Al system automates chirality
assignment with impressive accuracy, significantly outpacing manual
methods. Innovative machine learning techniques may be helpful in
gaining novel perspectives on some difficult nanomechanical chal-
lenges. Dewapriya et al. [13] explored the potential of ANNs in fore-
casting the fracture stress of graphene samples with defects in a range of
scenarios. Lal et al. [14] also explored a critical challenge in nanoscale
mechanics: predicting the "length-scale parameter" used in higher-order
elasticity theories to model material behavior. Traditionally, this
parameter was assumed constant for a given material, but their
high-throughput molecular dynamics simulations revealed a surprising
truth - it varies with factors like size, boundary conditions, and defor-
mation level. This variability makes accurate prediction cumbersome.
To address this, the researchers developed a clever three-step frame-
work. First, they performed extensive MD simulations on diverse sce-
narios. Then, they used these simulations to estimate the parameter
within a continuum model. Finally, they deployed ML (Gaussian process
regression, support vector machines, and neural networks) to learn the
complex relationships between the parameter and its influencing fac-
tors. This powerful combination eliminated the need for further
expensive MD simulations for parameter prediction, opening the door to
broader application of these theories in real-world nanoscale problems.
Recently, Beitollahi et al. [15] investigated the effect of nanoparticle
agglomeration on CNT-reinforced nanocomposites by introducing a
variable length-scale parameter. Using the modified couple stress the-
ory, the study improves prediction accuracy, validated against experi-
mental and molecular dynamics results. The dynamic behavior of porous
plates reinforced with CNTs was examined by Bousmaha et al. [16]
using a p-version finite element method. Their findings highlighted how
CNT distribution, porosity models, and boundary conditions alter
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dynamic response, guiding lightweight structural design. Gawah et al.
[17] investigated the free vibration of FG-CNTRC beams on Kerr sub-
strates using an improved first-order shear deformation theory. Results
revealed that CNT distribution, volume fraction, and nonlinear disper-
sion patterns significantly affect vibrational characteristics, with out-
comes validated against published studies. The nonlinear forced
vibration response of FG-CNTRC sandwich beams with viscoelastic cores
was analyzed by Youzera et al. [18], showing that CNT reinforcement
patterns, boundary conditions, and core-to-skin ratios strongly influence
amplitude and frequency responses. Free vibration of sandwich cylin-
drical shells with FG-CNTRC face sheets was studied by Youzera et al.
[19] using the differential quadrature method, demonstrating that CNT
distribution, thickness ratios, and end support significantly affect nat-
ural frequencies. Al-Houri et al. [20] investigated wave propagation in
FG-CNTRC beams on Kerr foundations, introducing nonlinear CNT dis-
tributions via exponential models. Their results indicated that CNT
volume fraction and dispersion patterns enhance stiffness and wave
velocity, while foundation parameters primarily influence bending
waves. A finite element approach was developed by Tounsi et al. [21] to
study porous CNT-reinforced nanocomposite beams on viscoelastic
foundations. The model captured the combined influence of porosity,
CNT distribution, and foundation damping, showing how these factors
control stiffness, damping, and dynamic responses under free and forced
vibrations. Zerrouki et al. [22] investigated the buckling behavior of
FG-CNTRC beams on Winkler-Pasternak foundations using a
higher-order shear deformation theory. Their analysis revealed that CNT
reinforcement patterns, particularly the X-beam, provided superior
buckling capacity, while porosity and geometric parameters reduced
overall stability. The bending and buckling behavior of porous
FG-CNTRC beams supported on viscoelastic foundations was examined
by Alsubaie et al. [23], who found that porosity reduces stiffness, the
O-beam pattern performs weakest, and X-beam reinforcement combined
with viscoelastic foundations improves resistance. Boutaleb et al. [24]
investigated the buckling response of imperfect FG-CNTRC beams, ac-
counting for porosity and CNT reinforcement distributions. Their results
showed that increased porosity reduces critical buckling loads, whereas
X-CNT reinforced beams offer higher resistance to instability. A
porosity-dependent vibration analysis of FG-CNTRC beams was carried
out by Alsubaie et al. [25], who demonstrated that porosity increases
natural frequencies while damping coefficients enhance vibration per-
formance. Their study confirmed that CNT reinforcement patterns and
foundation properties significantly govern vibrational responses.
Madenci et al. [26] conducted experimental tensile tests on
CNT-reinforced carbon fiber composite beams, finding that 0.3 % CNT
content yielded optimum tensile strength, while higher CNT concen-
trations reduced capacity. Comparisons with FEM results validated the
experiments and showed that Halpin-Tsai predictions of Young’s
modulus were more accurate than the mixture rule. Also, Belabed et al.
[27] developed a Quasi-3D finite element model for FG-CNTRC beams to
evaluate vibration and buckling responses. The model incorporated
hyperbolic warping functions without correction factors, achieving high
accuracy compared to existing methods. Results demonstrated that
boundary conditions, CNT distribution, and slenderness ratio substan-
tially influence vibrational and elastic stability, highlighting the
method’s computational efficiency for design and optimization of
nanocomposite structures.

Hussain et al. [28] analyzed the correlation between Poisson’s ratio
and frequency in armchair SWCNTs using Sander’s shell theory and
Galerkin’s method, finding frequency increases with lower Poisson’s
ratios and nanotube indices, offering validated benchmark results. The
orthotropic vibration modeling of CNTs was presented by Hussain [29],
who employed nonlocal elasticity and wave propagation approaches to
compute frequency variations with aspect ratios and nonlocal parame-
ters, highlighting CNT applications in sensors, actuators, and nano-
engineering systems. Ghandourah et al. [30] investigated the vibrations
of double-walled CNTs using a Timoshenko-beam model combined with
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wave propagation, showing that frequencies depend strongly on length
scale and aspect ratio while introducing a novel waviness modeling
technique. The continuous element method was extended to aero-
acoustic waves in confined ducts by Khadimallah et al. [31], who vali-
dated harmonic response predictions against analytical solutions,
demonstrating its broader applicability to acoustics and compressible
flow problems beyond traditional structural analyses. Asghar et al. [32]
developed a numerical approach for zigzag DWCNTs with a nonlocal
shell model, revealing that nonlocal parameters and boundary condi-
tions significantly affect vibration characteristics, validating their
approach with published literature. Hussain [33] examined the appli-
cation of Kelvin's method to CNTs, deriving motion equations and fre-
quency spectra, and demonstrated how polynomial volume fraction
indices and boundary conditions influence vibrational behavior using
MATLAB computations. Finally, the vibration of FG cylindrical shells
with ring supports was analyzed by Hussain and Selmi [34] through the
Rayleigh-Ritz method, showing that support positions and boundary
conditions alter frequencies, with clamped-clamped shells exhibiting
higher curves than clamped-free ones.

Karbassiyazdi et al. [35] addressed the challenge of removing poly-
and perfluoroalkyl substances (PFAS) from wastewater, particularly
short-chain PFAS, using artificial intelligence. Employing the XGBoost
model, the research simultaneously considered material and process
factors, providing accurate predictions of adsorption capacity, equilib-
rium, and removal. Hua et al. [36] introduced a strategy for estimating
product quality in such asynchronous sampling processes, combining
data-driven and knowledge-based approaches. The mobile application,
created using Flutter, communicates with API created using python
Flask, to provide real-time feedback and visualizations of the SWCNTSs’
behavior based on user inputs. The integration of the ML model into the
mobile application enhances the accessibility and usability of the anal-
ysis. Through HTTP requests, the Flutter app interacts with the Flask API
to process data and display predictions in an interactive and
user-friendly manner. This approach ensures that complex dynamic re-
sponses and vibration patterns are effectively visualized and interpreted,
facilitating a deeper understanding of SWCNTs and their behavior under
various conditions. This approach aligns with current nanotechnology
application techniques, utilizing cutting-edge computational tools to
deliver valuable insights through an intelligent mobile platform. Sudh-
eer Kumar et al. [37] introduced a mobile computing approach for
monitoring end mill tool life by utilizing a deep-learning model. The
algorithm used calculated Remaining Useful Life (RUL) and wear state
from periodically taken mobile camera images. The tool wear status is
recognized using a pre-trained network (GoogleNet) for feature extrac-
tion and linear regression. A mobile application displayed wear state
and RUL, aiding operators in timely tool replacement decisions. The
model’s accuracy and robustness are demonstrated through RMSE and
Correlation Coefficient (R2) metrics. Machining experiments confirm
the module’s capability to capture wear states and RUL for end mills.
The approach offers an efficient tool wear monitoring solution for
manufacturing industries without extensive investments in machine
vision hardware and software. A review of earlier research reveals that
no work has been published that uses analytical and machine learning
techniques to comprehensively address (using an app as a visualization
interface) the dynamic response and vibration characteristics of
flow-induced vibration in nanotubes. Hence, the need for the present
study. This study stands out for incorporating machine learning,
after-treatment methods, and analytical modeling into a single frame-
work for the analysis of SWCNT vibrations. It goes beyond theory by
integrating predictive models into a mobile application that provides
easily accessible, real-time visualization. This combined method im-
proves the practical application of nonlinear nanotube dynamics in en-
gineering systems while also advancing the understanding of their
dynamics.
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2. Model formulation

2
Zodd — (e0a)? 222 M _ pe, 704 ®
Consider the nanotubes (SWCNT) shown in Fig. 1.1. This tube rests ox:
on elastic foundations, and its vibration is flow-induced. The material is Integrating fA each term in Eq. 6 gives:
assumed to be embedded in a non-linear Winkler elastic foundation. 5
Additionally, the surface effect is assumed to be negligible. In this study, / Z6,5dA — (0a)? 2 0 / Z6udd — E / < B Zdzw) a e
the following assumptions were made: 4 ox? 4 ox?

. . Rearranging Eq. 7 gives:
a) The boundary conditions at both ends are simply supported.

b) The material is embedded in a non-linear Winkler elastic foundation. 5 0 Fw o,
c) The surface effect is assumed to be negligible. ngxdi (e0a)” 0x? / Zoxdd = e / zd ®)
d) The e.ffect of non-local elasticity can be ignored along the radial Substitute Eqs. 5a, 5b, and 5¢, into Fq. 8
direction.
dzM *w 9
To derive the equation of motion for this nanotube, we start by M —(e0a)’ oz o2 &)
lling that its Y ’ i :
recalling that its Young’s modulus is expressed as Differentiating Fq. O twice gives:
UXX
Ex = TXX (1) dz_M B (e a)2 02 dz_M B _E[ait—w (10)
A dx? o2\ dxe2 | ox*
Then the stress is given as:
6y = Eepe ) This is further simplified into a generalized equation as:
The nonlocal elasticity theory is given as; _dQy\ (e0a)- o’ dQ\ _ E 1047W an
) dx ox? dx ox*
(1-(e0a)*V?)o =1 3
The total force acting on the Single-Walled Carbon Nanotube is given
Which, on simplifying, gives; as:
20w dQ Fw Pw Fw
= 2 2
O — (€00)* 2~ Do C)) B~ Mactmy) = (PA+T +mp® —gHA) =5+ 2mpy ==
Recall that the bending moment (M) is given as: +kw+kow? 12)
/ By substituting the total forces acting on the single-wall carbon
M = [ Zox . . .
nanotube, considering the forces acting on the nanotube, forces due to

the fluid flow, forces due to tension and magnetic effects, and forces due

With Z is the lateral coordinate . L
to the foundation, the equation is given as:

The axial strain &, for minimal deflections is expressed as:

(m +m)04_w + (PA+T +mp? — HZA)a4
Fw o T o oI o
El— — (epa)
oxt o'w Pw ow]?
+2mf1/a N + (ki + 3w2k2) ——5 + 6wk, { x} 13)
& ’w o’ w
+<(m,, +mf)a—:2"+ (PA+T +mg? —nHA) = 5+ 2mpy ==+ kaw + kow ) =0
Zo*w
b = o2 Therefore, Eq. (13) gives the governing equation for the vibration of
the SWCNT.
The Moment of Inertia 1 is given as:
I / 22d4 3. The developed models and their analytical solutions
A
Th .. . The resultant vibration model, in Eq. (13), contains nonlinear com-
e force Q is given as: ponents that make it challenging to achieve a closed-form solution. In
oM this work, the PDE is transformed into an ODE using the Galerkin
Q= Tox Decomposition Method, and the nonlinear equation is solved analyti-
Therefore, the total of all forces acting on the nanotube is the dif- cally through DTM.
ferential
, 3.1. Converting the pde into ode using Galerkin’s method
Q_ oM
= (5)
x o The Galerkin method is a numerical method used for approximating
Multiply each term in Eq. 4 by Zd4 solutions to differential equations, particularly PDEs. It belongs to the

class of weighted residual methods, which involve minimizing the re-
sidual of the governing equation over a certain space of functions.
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Fig. 1.1. Problem schematic of a SWCNT resting on an elastic foundation.

The Galerkin’s approach is thus utilized in transforming the partial

differential equation (PDE) (13) to an ODE.

Hence, the system’s vibrational response can be expressed in terms of
the first Eigen function &(x) including the generalized coordinate g(t) as

follows:
w(x,t) = ®(x)-q(t) a%
Substitute Eq. 13 into Eq. 14:
r - 17 By resolving and re-arranging Eq. (15), we get Eq. (16) below:
9 (@(x)-q(t) i o(x)\1 . 1
(M +my) o (my+my) — (e0a)® ((mn +my) 0x(2 )> } G(t)
I(@(x)-q(t)) r ]
+(PA=T+mp? —nHd) —— Z——= + 2mfyaqgi§cx) (e0)? (2mfua (;’i(gx))} d(t)
4 . 4 . -
£ (¢g>2 90) _ (a2 +2mp? (45(x3) q(t) - ]
0x30t E1'34¢(x) (o) ( (PA —T+mpv ) d*d(x) Lk a&p(x))
0*(@d(x)-q(t T\ Tt ox2
(ks +3(0(0)-9(0) k) T PTAE) o A e e
: 2 Po(x)
6@ q(0)n {a(cb(ziq(t))} +(PA =T +mp —HA) = =+ ks (x)
L m r 2 2
+ |k ®® () — (e0a)? <3¢>2 (x)kga ;{gx) +6P(x)k, [di)(cx)] )] (1)
0*(d(x)-q(t *(d(x)-q(t - L -
(mn +my) I (@x)-q(t) (at)2 ( ))+ (PA—T+mp? 711H§A)7( E)x)z ) —0
2 . (16)
L PP CER )
oxot Let R;(x,t) be equal to the governing Eq. (16)
+p (D(x)-q(2)) + ko (D()-q(t))* Multiply each term in the governing equation by @(x) And integrate
L _ the resulting equation over the interval (0, L). This gives the equation
=0 below:
(15)
I 2 o(x)\] .. i
(mn +my) — (eoa)®( (mn + my) P q(t)
[ 0D(x) o)\ .
+ _2mfyT — (eoa)? <2mfz/ P q(t)
(PA —-T+ mfuz) 0o (x)
L 4
/ o0 ;SX) epa?| \ A ot B(x)dx = 0 an
*l+ Po(x) q(®)
+ky g
2
(AT 4 ma? — qi24)° ;’C(zx) + ki @(x)
[ P d(x 0d(x)]?
_+ - (e0a)® (3¢2(x)k2 ax(z ) + 6D (x)k, { 6)(c )} ) + k2(153(x)} @ (t) |
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Therefore, we now perform a term-by-term conversion of the above

equation to turn it into an ODE.

1st Term:

[osr(neom
0

*o(x)
ox?

) q(t)P(x)dx
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4th Term:

0’ o(x)
ox?

L | —(eoa) (3052 (ko

0
+k2 ¢73 (x )

Pd(x 0d(x)]?
Fmetmy) as) L - (eon)’ (3a>3 (0225 | 602 (x)k, { ( )] ) ,
) P (x) = ox ox dx|g(t)
L — @
_ / (e0a) " ®(x) ((mn + my) P ) ax| d(o) ko @*(x)
+(my + my) D(x) D
ond Term: Rearranging and grouping like terms, the Galerkin method produces
’ the Duffing equation below:
L Po(x 0D(x)] . . .
/0 [ — (eoa)? <2mf1/ 6xg )> + 2mpw 0)(c )} q(t)d(x)dx Mq(t) + Cq(t) + K1q(t) + Kog3(t) = 0 (22)
Po Where M, C, Kj, and Kj are constant parameters and given as:
L | —(eca)*®(x) (mev axgx)) (19)
/ e dx| 4(1
x
2miv®@
+2mpud(x) — -
3rd Term:
(PA— T +mg? — gH24) o)
7' d(x) 2 ! ) oxA
EI — (eoa)
t ox* P (x)
/ hy a(0)D(x)dx
0 0x?
;o
+(PA—T +mp® — nH2A) ax(ZX) + k1 ®(x)
o o (20)
4
P o) (PA— T +mp® — nH2A) J isx)
EI®(x) — (e0a)*P(x)
t oxt P d(x)
= +ky dx | q(x)
0 0x?
ro
+(PA — T + mp? — H2A) () ax(2X) +k@%(x)
Table 4.1
Table of CAT technique iterations at mode 1.
61 02 A A2
—3.8835e+ 15 —5.9225e+ 15 3.5000e—10 —4.5168e—27
3.8835e+ 15 —5.9225e+ 15 3.5000e—10 —4.5168e—27
—3.8835e+ 15 5.9225e+ 15 3.5000e—10 —4.5168e—27
3.8835e+ 15 5.9225e+ 15 3.5000e—10 —4.5168e—27
—5.9225e+ 15 —3.8835¢e+ 15 —4.5168e—27 3.5000e—10
5.9225e+ 15 —3.8835¢e+ 15 —4.5168e—27 3.5000e—-10
—5.9225¢+ 15 3.8835e+ 15 —4.5168e—27 3.5000e—-10
5.9225e+ 15 3.8835e+ 15 —4.5168e—27 3.5000e—10
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L b(x
/0 { (e0a)’P(x) ((m,l + my) 0x(2 )> + (mn + mf)¢(x)}dx
M= . 7
D
= / @(x) { — (eoa) ((m,l +my) 0x(2X)> + (m, + mf)} dx
0
23)
The value of C is given as:
L Po(x) 0b(x)
2
/0 [— (eoa) ®(x) (meu poe ) + 2mprd(x) o }dx
€= L ’®(x) 0d(x) @9
_ B 2 x x
= /0 <1§(x){ (eoa) (mezx poe ) + 2mgv ax }dx
Also, the value of K; is given as:
2 2 o' d(x)
Fo(x) (P4 —T +mp? — nHA) P
| | Ero(x) ~ (eoa)*®(x) X
/ ox* " PP (x)
0 1 ox2
2 2 Po(x) 2
+(PA— T + mp* — nHA4) d(x) e + k1 D (x)
Kl = B
d*d(x)
2 2
Fo) , (PA— T +mp? — nH2A) e
EI — (e() )
t ox* a%(x)
= / &(x) +ky
0
2oy )
+(PA — T +mp? — nHiA) oz TP
The value of constant Kj is given as:
L _( )2 3¢)3( )k 02®(X)+6¢2( )k 6<D(x) 2
€od X2 0x2 X2 ox dx
ko @ (x)
Kp=
P’ d(x) ad(x)\ >
L _ 2 2
:/ o(x) (eoa) <3¢'> (2¢)ko a2 +6¢(x)k2( x ) ) d
’ ko ()
(26)
Determining the model’s natural frequency, it is obtained as:
Wy = % 27)
Substituting Eqs. (23) and (25) into Eq. (27) gives:
*o(x)
2 2
S o) , (PA—T+mp? —nH2A) e
EI ot 7(30 ) 02¢
Jo @) 1 T2 dx
ox?
2 P
+(PA—T+mgp? —nH2A) e Ha®k)
wn =
Jr 000 o (m4my) 2282 - ()

(28)
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Where, w, is the Model’s Natural frequency.
Eq. (22) is the expected system of ODE from Galerkin’s decomposi-
tion of the PDEs, which is afterwards solved using DTM.

3.2. Model solution using differential transform method

By applying the principle of DTM as illustrated in some previous
works [2,3] to the Duffing model expressed as Eq. (22), we obtain:

Mi(k +1)(k + 2)glk + 2]} + C[(k + 1)q[k + 1]] + K1 [q[K]]

k p
= 2
Kz | D quq[p—uq[k—p]} o @9
p=0 =0
This can be rewritten as:
dx
(25)
dx
k p
Mi(k +1)(k +2)qlk +2]] = ( 2 ;;q lalp — lqlk — P]:| (30)

—Cl(k + 1)qlk + 1]] — Ky [q[K]]

Making the highest coefficient of q the subject of the formula from
Eq. (30):

Mk‘
M~

K, q(lqlp —Uq[k —p]

M(k+1)(k+2)

—Cl(k+1)qk+1]] - K, [Q[k]]}

0

T
o

p

sqlk+2] =
31D

Given the initial conditions to be:

Let the initial displacement q beq = f, q[0] =

Then the initial velocity gwill be¢g =0, ¢ = q[1] =0

Iterating the governing Eq. (31) for k=0, 1, 2, 3, and 4 gives the
following value forgk]:

At k =1, we have:

K —Kip
== (32)
Atk =2:
1 [C(Kap® —Kip)
q3 - - 6TM {T} (33)

Atk =3:
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” 1 [BKof’ (Kof® —KiP)  Ki(Kap® — Kip) N C*(K2p® — K1)
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12M 2M 2M 2M? Table 4.4
(34 Table of SAT technique iterations at mode 1.
Atk =4: 71 723 1 Ha
—5.2433e+ 15 5.2433e+ 15 ~1.0950e—51 1.0950e—51
KzﬁZC(KZﬁg — Klﬁ) KIC(Kzﬁg — Klﬁ) 5.2433e+ 15 5.2433e+ 15 1.0950e—51 1.0950e—51
M2 + oM —5.2433e+ 15 5.2433e+ 15 —1.0950e—51 1.0950e—51
5.2433e+ 15 5.2433e+ 15 1.0950e—51 1.0950e—51
1 3Kop% (KoB® — Kop) Ky (KaP® — Kop) —5.2433e+ 15 —5.2433e+ 15 —1.0950e—51 —1.0950e—51
gs = oM - oM (35) 5.2433e+ 15 —5.2433e+ 15 1.0950e—51 —1.0950e—51
20M | ¢ —5.2433e+ 15 —5.2433e+ 15 —1.0950e—51 ~1.0950e—51
Cc? (Kzﬁ3 -K; B) 5.2433e+ 15 —5.2433e+ 15 1.0950e—51 —1.0950e—51
+4
2M?
L 3M J
Atk =5:
P 3K,4° (Ko° — Ka) K (K2$° — K1) " C* (Ko — K1)
2M 2M 2M?
K, 4M
2
_~_3/”(K2/53 — K1)
4M2
K 3Kx4° (Koff® — Ko ) K (K2p° — K1) N C* (Ko — K1)
L, 2M oM 22 (36)
9 = 30m
12M
Ko’ C(Kof° — K1 ) i KiC(Kop> — K1)
2M? 6M?
| o3l K —Kip) KK —Kip) | C*(Kap® —Kip)
2M 2M 2M?
3M
4M
Table 4.2
Table of CAT technique iterations at mode 2.
0, O, A A2
—5.1273e+ 16 —0.0000e+ 00 3.5000e—10 —6.3230e—27
5.1273e+ 16 —0.0000e+ 00 3.5000e—10 —6.3230e—27
—5.1273e+ 16 0.0000e+ 00 3.5000e—10 —6.3230e—27
5.1273e+ 16 0.0000e+ 00 3.5000e—10 —6.3230e—27
—0.0000e-+ 00 —5.1273e+ 16 —6.3230e—27 3.5000e—10
0.0000e+ 00 —5.1273e+ 16 —6.3230e—27 3.5000e—10
—0.0000e-+ 00 5.1273e+ 16 —6.3230e—27 3.5000e—10
0.0000e+ 00 5.1273e+ 16 —6.3230e—27 3.5000e—10
Table 4.3
Table of CAT technique iterations at mode 3.
01 02 A A2
—7.1082e+ 15 —7.1549%+ 15 3.5000e—10 2.1377e—22
7.1082e+ 15 ~7.154%+ 15 3.5000e—10 2.1377e—22
—7.1082e+ 15 7.1549%+ 15 3.5000e—10 2.1377e—22
7.1082e+ 15 7.1549%+ 15 3.5000e—10 2.1377e—22
—7.1549%+ 15 —7.1082e+ 15 2.1377e—22 3.5000e—10
7.1549¢+ 15 —7.1082e+ 15 2.1377e-22 3.5000e—10
—7.1549%+ 15 7.1082e+ 15 2.1377e—-22 3.5000e—10
7.1549¢+ 15 7.1082e+ 15 2.1377e-22 3.5000e—10
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Atk=6
Kf*C(Kof° — Kifp) . KiC(K2f® — Kifp)
2M? 6M?
1., 3K (Kof” ~ Krf) PC(Kp® — Kip)?
Kz(—m(aﬂ ( c 2M ))) ——ap )
K (Kof° — Kipp) . C*(Kof° — Kafp)
2M 2M?
3M
K C(Kf° — Kifp) n KiC(K:f° —Kifp)
1 2M? 6M2
0w BP K —Ka) Kol —Kop) | o —Kp))
2M 2M 2M?
3M
ﬂz(3K2ﬂ2(K2ﬁ3 —Kip) _Ki(Kof® —Kif) . C*(Kaf® — Klﬂ))
2M 2M 2M?
1 Ko aM )
Q7= — 5l 2 ] 37)
42M 3K’ 1K)
7Ty
3K2ﬂ2(K2ﬁ3 - Klﬁ) _ Kl (KZﬁB - Kl/})
K 2M . 2M )
1 +C2(K2ﬂ - Kip)
,ﬁw(c( o2M2 ))
12M
Kof*C(K2f° — Kup) i KiC(Kof* — Kif)
2M? 6M?
1 BKQﬁZ (Kzﬁg - Klﬂ) _ Kl (KZﬁB - Klﬂ)
'l ( 2M 2M ) )
G~ Kep)
2M?
3M
The expression for the lateral displacement of the CNT as a function s
of the time passed is given as: qlt] = Z(Iifi = o+ qut+@ot® + G5 + qat* + g5t (39)
k i=0
ql] = qit' = go+ qut + @at® + st + qat* + ... + @it (38) Therefore, we have,
i=0
For k = 5, we have:
_ﬂ B (K2 — K1) 22 _ C(Kp° — Kip)t3 T
2M 6M?
3K,4° (Ko — KiB) K (K2p® — K1) n C%(K»p> — K1) t4
‘ 2M 2M 2M?
‘ 12M
qlt) = Ko’ CKop’ —Ki) | KiC(Kaf® —Kof) “0
2M? 6M2
c 3K:p* (Kop® — KiB)  Ki (Kap® — Kap) . (&P —Kip)\ |T
2M 2M 2M?
‘ 3M
L 20M J
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Eq. (40) is the DTM solution of the Duffing equation q[t].

The displacement equation w(x, t) is then calculated as: Therefore, the constants M, C, K;, and K, are obtained as:
Recall that:
7% sin(nn)a®n? 2 _ma®n® _ g2
w(x,t) = d(x)-q(t) (41) e ((72 +L )cos(nn) o [ ) (my +my) )
Substituting the value of g(t) in Eq. (41) gives: L
I g (Kp? — Ky\f)t? C(K? — Kip)E T
/ oM 32
3K (Kof® —Kip)  Ki(K2p® — Kip) . C*(K2p® — K1) p
‘ 2M 2M 2M?
’ 12M
wlxt]| = KgﬁZC(K2ﬁ3 —Klﬁ) +K1C(K2ﬁ3 —Klﬁ) d(x) (42)
2M? 6M?
(36 (Ko ~Kip) K (Kof® —Kap) | C2(Kaf® ~KaP)Y |©
2M 2M 2M?
\ 3M
L 20M J
In this project, the CNT is subjected to a simply supported end con- sin (fm)zvmf (r2a2n? + I?)
dition. This means that: C= 12 (46)
. (nm
(x) = sin(7x) 43) n® (((HPn—P)A—mp? +T) eqa? + EI)7*
(—cos(nr)sin(nr) +n7) | +(eoa’ky + (H*n—P)A—myv*+T)L*n’
Where, &(x)is the Phase angle or the mode shape function. K +k,L*
Substituting Eq. (43) into Eq. (42) we have, = 2L%nx
47
_p' (K2$° —Kip)2 C(Kof° —Kip)E? T
2M 6M?
3K (Kof® —Kap)  Ki(K2p® — Kip) . C*(K2p® — K1) y
‘ 2M 2M 2M?
’ 12M
t| = 2 3 3 sin (Ex> (44)
wixtl= Kop*C(Kop° — Kip)  KiC(K2p® — K1) L
2M? 6M?
o3P (o’ —Kip) K (Kof® ~ K1) | C(Kof® ~Kip) [*
2M 2M 2M?
\ 3M
L 20M J
Table 4.5 Table 4.6
Table of SAT technique iterations at mode 2. Table of SAT technique iterations at mode 3.
L4} Yo H Ha L4} Y2 My Ha
—6.9226e+ 16 6.9226e+ 16 —5.6218e—50 5.6218e—50 —-9.5971e+ 15 —-9.5971e+ 15 ~1.5788e—50 ~1.5788e—50
6.9226e+ 16 6.9226e+ 16 5.6218e—50 5.6218e—50 9.5971e+ 15 -9.5971e+ 15 1.5788e—50 ~1.5788e—50
—6.9226e+ 16 6.9226e+ 16 —5.6218e—50 5.6218e—50 —-9.5971e+ 15 —-9.5971e+ 15 —1.5788e—50 —1.5788e—50
6.9226e+ 16 6.9226e+ 16 5.6218e—50 5.6218e—50 9.5971e+ 15 —~9.5971e+ 15 1.5788e—50 ~1.5788e—50
—6.9226e+ 16 —6.9226e+ 16 ~5.6218e—50 ~5.6218e—50 -9.5971e+ 15 9.5971e+ 15 ~1.5788e—50 1.5788e—50
6.9226e+ 16 —6.9226¢+ 16 5.6218e—50 —5.6218e—50 9.5971e+ 15 9.5971e+ 15 1.5788e—50 1.5788e—50
—6.9226e+ 16 —6.9226e+ 16 —5.6218e—50 —5.6218e—50 —-9.5971e+ 15 9.5971e+ 15 ~1.5788e—50 1.5788e—50
6.9226e+ 16 —6.9226e+ 16 5.6218e—50 —5.6218e—50

10
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Length Non-local Param Diameter LEP k1 LEP k2 Temp

0.0 0.5 1.0 025 050 075 1.0 0.6 0.8 1.0

=
°

15 2.0 20 40
Velocity e Initial Disp 1em? model_thetal 1em? - model_theta2 1em? model_lambdalle_g model_lambda2
150 150

125 A 125 125

100 4 100 100

75 s 75

o B 8
o ¥ 8
]
o ¥ 8
ol

25 25 25
25 3.0 35 0 1 2 -2 1 2.5 3.0 35
) . le-9 lel6 lel6 le-2. le-9
150 model_psil model_psi2 model_mul - model_mu2 150 model_frequency mode2_thetal
125 125 125 125
100 100 100 100
7 75 75 75
50 1 50 50 50
25 25 25 25
0 0 e 0 0
0 2 -4 -2 0 2 4 6 -50 -25 00 25 0 1 2 0 2 4 6
1e16 1e16 le-48 .. le-48 . 1le16 1e16
mode2_theta2 mode2_lambdal mode2_lambda2 mode2_psil mode2_psi2 mode2_mul
150 120 120
120 120
100
100 4 125 100 100
80 200 80 80 801
6o 75 60 60 60
40 50 40 40 40
20 25 20 20 20
0- 0 0 0- 0
-1.0 -0.5 0.0 0.0 0.5 1.0 15 25 3.0 a 0 1 -2 -1 ] 1 1 2 3
le17 le-21 1e-9 le17 1le17 le-46
mode2_mu2 mode2_frequency 350 mode3_thetal mode3_theta2 mode3_lambdal mode3_lambda2
120
100 120 125 125 100
100
80 100 100 80
80
J i 7
60 60 75 5 60
40 40 50 0 40
20 20 25 25 20
o0- 0 0- 0- 0
-2 0 2 0.0 05 10 0.0 05 1.0 -15 -10 -05 00 0 2 25 3.0 35
.. le-46 . lel7 lel7 lel7 le-24 le-9
mode3_psil mode3_psi2 mode3_mul mode3_mu2 mode3_frequency
125
100
7
50
25
0
0 1 2 .
le17 le-47 le17
Fig. 3.1. Statistical exploration of modes.
2 1 . 3
2 (6(e0a) n? (kz + 5) 2+ ksz) sin(nr)cos (nr) n*(((H*n — P)A — mpv* + T)eoa® + EI)z*
(- cos(rsin(ua)+nn) | +(eoa®ky + (H?n — P)A — mpy? + T)L*n’n?
2 5 4
6(e0a) (kz + —) nmr? +kiL -
-5 +kL? | sin(nz)cos(nx) On = 2 2
5 (ot sin(nn)(ega) 22 cosnz (eoa)2n3rz3 2
3 Lnn
2
+3:m( — 2(eoa) (kz - 5) n’z? + k2L2> (49)
K2 =

(48)
8Lnn .
3.3. Development of after treatment techniques
Then the natural frequency is solved and is obtained as:
To overcome this limitation with approximate analytical solutions,
an after-treatment technique (AT) must be utilized to create approxi-

mate periodic solutions over a large range of solutions. The flow-induced

11
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Fig. 3.2. Backend development flow-chart with Python Flask.
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Fig. 3.3. Mobile development flow chart with Flutter.

damped vibration in this study exhibits a truncated series that is periodic
only in a narrow domain. In this study, the CAT and SAT after-treatment
procedures are utilized to make the solution periodic over a wide range.

3.3.1. Cosine-after treatment technique (CAT)

This is used for a DTM transformation of a dynamic equation with an
even power. Examine the following series that has been truncated in N
terms:

12

N
on(t) = Z thk
k=0

Where ¢y (t) is the DTM’s truncated series solution.
Considering that the equation can be expressed in even power terms
as follows:
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x1071°

Temporal Deflection
o

Time

Fig. 4.1. SWCNT’s Dynamic Response at Mode 1.

.10-10
4 <10

Temporal Deflection(t)
o

Time (t)

Fig. 4.2. SWCNT’s Dynamic Response at Mode 2.

N
on(t) = Z qut™
k=0

This is put through:

vk = 0,1,2,---,%’— 1

The Cosine equivalent equation is therefore provided as:

on(t) = i i cos(6kt)
k=0

(50)

Then, using Fourier series expansion, it becomes:
n n tz n " t4 n o t6
T GED IV I CTha > b} yThe > b &
k=1 k=1 =1 k=1
n
8

The series solution of Eq. (50b) is given as:

on(t) =qo+ Q2 + qat* + qet® + - +gut"

(51)

(52)

n
Qo+ Got® +qat* +qet® + - +qut" =Y e —

t4

t6

2
on(t) = Z/lk cos(Okt) = A1 cos(61t) + A, cos(ft)

t*:
t:

13
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Temporal Deflection

2 F | [ | |

4 L .

Time
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Fig. 4.3. SWCNT’s Dynamic Response at Mode 3.

By comparing both series solutions, we have:

k=1

By comparing coefficients, we have:

n
: Zﬂk =qo
k=1
n
DY = —2lg,
k=1
n
DY bt = 4lg,
k=1

—6lge

: Z 0% =
k=1

n 2
/1,((-)2) —
(; k| a1

(54

An approximation of the expression in the form of a Cos function is
given in place of these terms. This technique is described for the instance
in which the truncation order (N) is 6. The goal is to express a function
with two terms of Cosine functions (n = 2). Which is:

k=1

(55)

Applying the technique/approach to Eq. (54) gives:

A2 =qo

S 001+ 10057 = —2lg,
M6 + 1,0, = 4lq,
2161° + 2,0,° = —6!qe

(56)

The four unknowns/,, 1, 6, , 0> were obtained by providing solutions
to the above system of nonlinear algebraic equations numerically.
From Eq. (32 - 37), the values of q were calculated thus:
Substituting the q values into the CAT equation, we have:

Moden =1
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Deflection w(x,t)

Position (x) 0 -

Deflection w(x,t)

Position (x) 0

0

20

Time (t)
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Deflection w(x.t)

Position (x) o - 0

Fig 4.4. 3-D SWCNT’s dynamic response at Mode 1.

Time (t)

Fig 4.5. 3-D SWCNT’s dynamic response at Mode 2.

J1 + A3 = 3.5000 x 10710
21612 + 220,% = —2.6393 x 10%

A1+ 42 = 3.5000 x 1071°
211612 + 2,0,2 = —4.6006 x 10%

01t + A20,* = 1.0079 x 10% (57-2)
2161° 4 2,6,° = —8.8322 x 10%
Moden =3
A1 + 43 = 3.5000 x 10710
21012 + 1,0,% = —8.8422 x 10% (57-3)

1014 + 1,0, = 3.7231 x 1052
21101 + 1,0,° = —6.2706 x 1082

Egs. (57-1 — 57-3) are further solved simultaneously to yield the
results in Table 4.1-4.6

3.3.2. Sine-after treatment technique (SAT technique)

When odd-power terms appear in the DTM series solutions, the SAT
technique is applied. Examine the following series that has been trun-
cated in N terms:

N
on(t) = gt (58a)
k=0

2161% + 2,0,* = 3.3171 x 10% 67-1) Where ¢y(t) is the DTM’s truncated series solution.
21618 + 2,0,° = —1.6676 x 108! Considering that the term can be expressed in even power terms as
Mode n — 2 follows:
N
on(0) =Y qut™ (58b)
k=1
ar liake T T T T
3
2
3
3o
1
-1
2
sl |
4 1 | 1 1
0 - 10 15 20 25 30 a3 40 45 50
Time (1) [s]

Fig 4.6. 3-D SWCNT’s dynamic response at Mode 3.

14
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w(x,t) at x
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4 <10

10 15 20 25 30 35
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Fig. 4.7. SWCNT’s midpoint dynamic response at mode 1.

40 45 50

'mid

w(x,t) at x

This is put through:

vk = 0,1,2,---,%’— 1

The equivalent Sine equation is then given as:

ou(® = e sinyt)
k=1

10 15 20 25 30 35
Time (t) [s]

Fig. 4.8. SWCNT’s midpoint dynamic response at mode 2.

40 45 50

on(0) = qut" + gz +qst® + qot” + - + qut"

(58¢) By comparing both series solutions, we have:

(58d)

Then, using the Fourier series expansion, it becomes:

n tl n t3 n
on(t) = <Zﬂkwk1> T (meﬁ‘) it (Z/M/J’) =
k=1 k=1 ° k=1 °
n v n tg
- (;Mk%j) ﬂ+ <;.‘4ka9> o

I

e ) mve=4q
(59) ;kk 1

The series solution of Eq. (58b) is given as:

15

By comparing coefficients, we have:

(60)

n t! n t3
Gt 4 G5+ s+ Got 4+ qut™ = (Zﬂk‘//kl> T (Zﬂkl//m) 5
k=1 k=1 ’

- v
+ Zﬂkl//ks Sl
—~ 5!

(61)
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Fig. 4.9. SWCNT’s midpoint dynamic response at mode 3.
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Fig. 4.10. Modal number’s effect on the SWCNT’s mode shape at mode 1.

Next Materials 9 (2025) 101277

/N

1 . VR 1 1 1
0.1 0.2 03 04 0s 06 07 08 09
Dimensionless beam length

Fig. 4.11. Modal number’s effect on the SWCNT’s mode shape at mode 2.
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Mode shape function
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Fig. 4.12. Modal number’s effect on the SWCNT’s mode shape at mode 3.
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Fig. 4.13. This represents the superimposed plots of the three mode shapes.

n
£ Zﬂk‘l/g = —3lgs
k=1

n
0 Zﬂk‘/ﬁ? = 5lgs
k=1

(62)

n
vy wyl = —7'q
k=1

An approximation of the expression in the form of a Sine function is
given in place of these terms. This technique is described for the instance
in which the truncation order (N) is 7. The goal is to express a function
with two terms of Sine functions (n = 2). Which is:

2
on(t) =Y sin(yt) = oy sin(yyt) + iy siny,1)
k=1

Applying the technique/approach to Eq. (62) gives:

oy s = @

[3 . 3 3 _ _3!
WY Tt W, = —31q3

£ s + Hay = 5gs

] + oyl = 7'y

(63)

The four unknownsy, , ji,, 1, , were found by obtaining solutions to
the above system of non-linear algebraic equations using numerical
methods.

17

From Eq. (32 - 37), the values of q were calculated and substituted
into the SAT Eq. (63) is given as:
Moden =1

W + Hayy = 0

W + Hyys = 0.00015273
1 + g = —2.3034 x 102
] + = —1.2407 x 10%°

Mode n = 2

s + oy =0

Hy + oy = 18.046

WS+ oy = —4.7441 x 103
U] + = —4.4543 x 10%®

Moden =3

Hays + oy =0

¥ + oy = 0.013503

s + pawy = —6.8228 x 10%®
pa + pay) = —1.2312 x 10%

(64)

Eq. (64) are further solved simultaneously to yield the results in 4.1
to Table 4.6

3.3.3. Combining CAT and SAT after treatment techniques
For this case, the periodic solution is approximated as:

@(t) = 21 cos(01t) + A cos(Oat) + py sin(y,t) + p, sin(y,t) (65)

This is then solved by applying the solutions obtained from the CAT
and SAT techniques using MATLAB software.

Therefore, we then obtain the displacement w(x, t) by combining the
special term obtained from the boundary condition and the temporal
term obtained from after after-treatment.

w(x,t) = &(x)-(t) (66)
This is rewritten as follows and is solved with the MATLAB software

to obtain the displacement over a given period of time.
w(x, t) = sin (%x) -A1 €0s(01t) + A cos(0at) + py sin(y,t) + p, sin(y,t)
(67)

Where w(x, t) is the displacement
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3.4. Machine learning model with XGBOOST

To predict SWCNT vibration characteristics based on input param-
eters, we train an XGBoost model using preprocessed data. To improve
performance, model hyperparameters are tuned using strategies like
random or grid search. Metrics like mean squared error (MSE) or mean
absolute error (MAE) are then used to assess the model’s performance on
a validation dataset.

[ 1 target = [
‘model_thetal', 'model_theta2’,
‘'model_psil', 'model_psi2’,
‘'mode2_thetal', 'mode2_theta2’',
‘'mode2_psil', 'mode2_psi2',
‘'mode3_thetal', 'mode3_theta2’,
'mode3_psil', 'mode3_psi2’,
1
X=df.drop(target,axis=1)
y=df[target]
[ 1 X_train, X_test, y_train, y_test =
X)
y)

test_size=0.2,
random_state=12

)

xgb_model.fit(X_train, y_train)
y_freq_pred_xgb = xgb_model.predict(X_test)
xgb_model.fit(X_train, y_train)

y_pred_xgb = xgb_model.predict(X_test)

feature_importances = []

for estimator in xgb_model.estimators_:
importance = estimator.feature_importances_
feature_importances.append(importance)

xgb_feature_importances =

xgb_mean_feature_importance =

‘model_lambdal’,
‘model_mul’,
‘mode2_lambdal’,
‘mode2_mul’,
‘mode3_lambdal’,
‘mode3_mul’,
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parameters to make predictions or by requesting information from the
database, stores pertinent data in the database, and then sends the
appropriate response back to the mobile app.

3.4.2. Mobile development with flutter

The Flutter-developed mobile application has a user-friendly inter-
face that prompts users to interact with buttons that invoke the backend
APl in order to enter necessary parameters and generate data. The data is
generated, and the user is presented with the results, including graphs

‘model_lambda2’,
‘model_mu2', 'model_frequency',
‘mode2_lambda2',
‘mode2_mu2', 'mode2_frequency',
‘mode3_lambda2’,
‘mode3_mu2', 'mode3_frequency'

train_test_split(

xgb_model = MultiOutputRegressor(xgb.XGBRegressor(objective="'reg:squarederror', random_state=42))

np.array(feature_importances)
np.mean(feature_importances, axis=0)

for i, val in enumerate(xgb_mean_feature_importance):

print(f"Feature {i+1}: {val}")

()

Show hidden output

feature_names = X_train.columns

plt.figure(figsize=(10, 6))
plt.
plt.xlabel('Mean Feature Importance')
plt.ylabel('Features')

plt

plt.show()

Code 1-2. : Machine learning model code 1 and 2

This shows the statistical exploration of the modes.

3.4.1. Backend development with python flask

The backend service acts as a bridge between the mobile application
and the machine learning model/database. It takes queries from the
mobile app, processes them by sending the machine learning model

18

barh(feature_names, xgb_mean_feature_importance, color='brown')

.title('XGB Average Feature Importance Across All Targets')

for visual aids.
4. Results and discussion

To obtain the solution for the displacement of the SWCNT over a
period from simulations and to ascertain how different model parame-
ters affect the SWCNT’s dynamic response, which is displayed via graphs
and tables. The parameters used in obtaining these data were varied and,
on a Nano-scale to train the machine learning models with varying data
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engineers working with nanomaterials,
providing insights through real-time data
visualization.
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Fig. 4.14. Plot of Natural frequency against frequency for pinned-pinned SWCNT.

and for optimal accuracy.

4.1. Table of values after the after-treatment techniques

See Table 4.1-4.6

4.2. Dynamic response analysis of SWCNTs

Fig. 4.1 shows the dynamic response of SWCNT after the CAT and
SAT techniques. The periodic nature of the deflection indicates reso-
nance or excitation of specific vibrational modes. These vibrations are
caused by various forces influencing the nanotube. At Mode 1, the
response is relatively stable with a smoother amplitude, suggesting that
the nanotube can maintain steady vibration with minimal instability.

Fig. 4.2 depicts the dynamic response of SWCNT at mode 2 after the
after-treatment techniques are applied to generate a dynamic response
over a period.

Fig. 4.3 depicts the dynamic/periodic response of SWCNT at mode 3
after the CAT and SAT technique is applied, and the temporal response is
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obtained over a period. The corresponding three-dimensional plots are
depicted in Figs 4.4 — 4.6.

By contrast, Modes 2 and 3 reveal sharper fluctuations and stronger
nonlinearities, indicating a reduced ability to maintain equilibrium. This
progression illustrates that higher vibrational modes amplify sensitivity
to flow velocity and external disturbances, a critical factor in applica-
tions requiring long-term structural reliability.

Figs 4.4 — 4.6 depict the 3-dimensional dynamic response of the
deflection at different spatial and temporal conditions at different
modes. This is obtained after the after-treatment techniques have been
done on the analytically solved model under a simply supported
boundary condition. The visualization in three dimensions, therefore,
not only confirms the periodicity achieved through after-treatment
techniques but also offers a practical way of interpreting vibrational
behavior in real applications, such as Nano-electromechanical devices
and sensing technologies.

From the plots, it is evident that even modes give a stable amplitude
of vibration for temporal deflection plots. These plots help denote re-
gions of nodes and anti-nodes for structural enhancement and brazing,
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where and when necessary.

4.3. Three-dimensional dynamic response of SWCNT

See Fig. 4.4

4.4. Midpoint deflection w(x,t) OF SWCNT at different modes

Figs. 4.7 — 4.9 denote the dynamic responses at the midpoint
deflection of the SWCNT. This deflection of the SWCNT was obtained
through the treated model using CAT and SAT techniques for a Pinned-
Pinned boundary condition SWCNT. To achieve these simulations, the
modal number in the solution’s spatial term is varied as the generalized
deflection result is plotted against time. This gives the SWCNT’s dy-
namic response. Subsequently, the deflection history of the nano-
structure can be obtained, remodeled, and used to generate a predictive
model. The midpoint response is particularly important because it rep-
resents the location of maximum bending stress in a pinned-pinned
nanotube. The observed rise in oscillation frequency and amplitude with
mode number shows that greater vibrational states make the nanotube
more prone to fatigue and long-term instability near its midpoint.

236AM ® X A M 2 = Ml @
Settings
Set Sl unit >
History >
Feedback >
Branched Nanotube
i = e
Home MLearning Settings
= O =)
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4.5. Effect of modal number on the SWCNT’S mode shape

The vibration of the pinned-pinned SWCNT for modes 1, 2, and 3 is
shown along the dimensionless beam length in Figs. 4.10 - 4.13. The plot
makes it clear that an increase in mode number decreases SWCNT sta-
bility since it causes the system’s frequency and number of cycles to
grow proportionately for an equivalent beam length. Higher mode
shapes indicate that the nanotube experiences more rapid oscillations
along its length. This leads to a redistribution of strain energy across the
structure, which affects overall stability. These happen because of the
trial function’s dependence on modal numbers.

4.6. Stability responses of the swent under different modes

Fig. 4.14 shows the stability responses of the nanotube under
different modes. It is evident from the plots that an increase in the mode
number decreases the stability of the nanotube. For higher modes, the
nanotube also finds it difficult to regain stability after bifurcation. This
makes the nanotube approach instability and prone to flutter as the
velocity of flow is increased above the critical point. When flutter oc-
curs, the nanotube is unable to disperse the energy input from the flow,
as the stability study shows. The significance of operating devices based

11:30PM o @ M 0 » VA A0 Sl )
< Prediction Results
11th, March 2024 - 11:30am L

Parameters:

Young Modulus of Elasticity, E = 1200GPa

CNT Length, L = 3.55e-8

CNT Diameter, D = 1.2e-9

Velocity, V= 2.0

Non-Local Parameter, e0a = 5.5e-10

Linear Elastic Foundation Parameter, k1 = 6e-10
Non-Linear Elastic Foundation Parameter, k1 =
2.7e-9

Initial Displacemnent, q0 = 3e-9
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Fig. 4.15. (a-b): Mobile application Home page and Machine learning screens (c-d): Mobile application Settings and Prediction results screens. The input parameters
were supplied to the Machine learning input page to generate the graphs of the deflection of the SWCNT against Time (e-f): Mobile Application’s Plot screens. The
application generates both two-dimensional and three-dimensional plots for the parameters supplied by the user.
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Fig. 4.15. (continued).

on nanotubes below their critical flow velocity is shown by this outcome.

4.7. Visualization of the mobile app development with flutter

Leveraging the user-friendly nature of the mobile application
developed with Flutter, the necessary parameters for the vibration of the
nanotube are supplied as requested, and the necessary data are gener-
ated. These data are visualized and used for predictive analysis, as
shown in Fig 4.15

5. Conclusion

This paper investigated the dynamic response and vibration char-
acteristics of SWCNTs under varying conditions. This study employed a
combination of theoretical modeling, data analysis, Machine learning,
and Software development to explore the effects of various variables on
the nanotube’s behavior. The equation of motion of the nanotube was
derived and solved using the DTM. CAT and SAT after-treatment tech-
niques were applied to ensure the solution’s validity over extended time
domains. The data obtained from the analytical solution over a varying
parameter were used to train the machine learning model, which accepts
parameters from users and returns the predicted data as expected. These
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data are displayed as graphs and charts on the mobile application for
effective visualization and to monitor the effect of these varying pa-
rameters on the dynamic response of the Single-Walled Carbon Nano-
tube. From the work, it was concluded that:

e A rise in modal number reduces the stability of the nanotube.

e For higher modes, the nanotube finds it difficult to regain stability
after bifurcation.

e Nanotube approaches flutter as the velocity of flow is increased
beyond the critical point.

e Machine Learning can be used to train data from vibration analysis
for visualization and predictive purposes.

e The employed solution techniques work for the problems
investigated.

Overall, this paper offers two main advantages: the combination of
Galerkin decomposition, DTM, and after-treatment techniques provides
robust analytical solutions for nonlinear vibration problems, and the
integration with machine learning and mobile visualization tools im-
proves accessibility, interpretation, and practical application of the re-
sults. These contributions not only advance the understanding of
SWCNT vibrational behavior but also provide a scalable framework for
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future studies in nanomaterials and smart engineering systems.
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