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Abstract—In this paper we propose a lower bound on the
energy required for synchronizing nodes in a Wireless Sensor
Network (WSN) by using statistical estimation techniques. The
energy required to synchronize a pair of nodes within a network
with predefined synchronization accuracy is modelled as function
of the transceivers power and the number of transmitted messages. In our analysis, we have considered the dynamic nature
of nodes communicating within a correlated Rayleigh fading
channel. A unified mathematical model has been defined to
analyze the impact of nodes’ relative velocity on the pairwise
energy and synchronization accuracy trade-off.
Index Terms—Wireless sensor networks, clock synchronization, outage probability, correlated Rayleigh fading, energy
efficiency.

I. I NTRODUCTION

W

ITH the advent of wireless technologies over the
last decade, Wireless Sensor Networks (WSN’s) are
overtaking wired networks in the field of sensing [1]. Clock
synchronization of nodes constitutes a fundamental requirement in WSN since it acts as a reference to data aggregation, localization, energy management. Yet, WSN nodes
clock synchronization remains amongst the most challenging
open topics in WSN’s [2]. As WSN nodes usually count on
a limited energy budget, clock synchronization schemes are
required to be implemented with optimal energy consumption,
enhancing the lifetime of sensing nodes. Thus, a trade-off of
energy consumption vs. clock synchronization accuracy must
be considered.
There is a number of clock synchronization techniques that
exploit received messages from a given sensor node to produce their clock estimation. For example, the Time Flooding
Synchronization Protocol (TFSP) [3] employs the one-way
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Fig. 1. Node B estimates node A’s clock offset by means of one-way
messages.

message exchange mechanism to produces a linear regression
estimation of the transmitter’s clock offset. Clock estimation
accuracy depends on the number of received messages and the
degree of accuracy of the retrieval of time stamps [4]. In [5]
the authors minimize the outage probability as a function of
the transmit power, which does not imply energy optimization;
moreover, the authors did not consider the relative velocity of
the sensing nodes in their model. The work in [6] studies the
trade-off of energy consumption and synchronization accuracy
from a local perspective defined by the sleep time of a node,
without contemplating the energy spent in the interaction with
other nodes. Energy efficiency is defined as a function of
payload size in [7] for uncorrelated Rayleigh fading channels.
Several works presented in [8] exhibit the requirement of
energy minimization in WSN without considering the wireless
channel model in the analyses. In this paper we introduce a
mathematical model to obtain a trade-off between intended
clock synchronization accuracy and required energy, for moving nodes under small-scale Rayleigh fading channels.
II. M ODEL S TATEMENT
A. Overview
Let two nodes A and B in the same WSN, as depicted in
Fig. 1, require to synchronize with each other by estimating
their respective clock offsets via one-way wireless messages
exchanged through a correlated Rayleigh fading channel with
gain a(t), at time instant t. Each node’s internal clock can
be modelled as c(t) = α t + θ, where α and θ are the clock
skew and offset, respectively [9][10]. The intended achievable
synchronization accuracy, denoted by , is a function of the
parameter’s estimator and the number of messages employed.
Assuming node A sends m number of messages, the expected
number of messages successfully received by node B, denoted
as m̃, depends on the outage probability of the channel,
defined as the probability that the received signal quality
falls under a minimum acceptable threshold, below which
successful signal detection at the receiver node cannot be
achieved [11]. Being a function of the transmit power, denoted
by S, the outage probability will be denoted as Pout (S).
Consequently, the pairwise synchronization time, denoted as
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δ, can be defined as follows:
m
δ = Tm ·
(1)
m̃
where Tm is each message’s time duration. We propose a
mathematical model of the synchronization problem from
the pairwise perspective of neighbouring nodes synchronizing
with each other, irrespective of network size and topology. To
justify the robustness of the proposed model, we also consider
additive white Gaussian noise (AWGN) impairments to derive
the instantaneous received signal to noise ratio (SNR); power
from interferer sources are assumed to be included within
2
.
noise power denoted as σN
B. Correlation of Channel Uses
We consider slow, flat fading channels to study the correlation of the channel uses [12]. The correlated Rayleigh fading
channel gain is modelled as a circular complex Gaussian
random process [13], defined by:
a(t) = ax (t) + j ay (t)

(2)

where ax (t) and ay (t) are mutually uncorrelated zero-mean
Gaussian processes. Let si (t) = A0 ej(ωt+ϕi ) , be a signal of
angular frequency ω and phase ϕi transmitted through the
aforementioned small-scale fading channel, and let s˜i (t) be
the received signal defined by:
s˜i (t) = Re{a(t) si (t)} = Re{ |r̃i (t)| ej(ωt+ϕi +φi (t)) }

(3)

where i = 1, . . . , m is the signal index, and the received
complex envelope r̃i (t) is described by:
r̃i (t) = Xi (t) + j Yi (t) = ri ej φi (t) = A0 ax (t) + j A0 ay (t)
(4)
where ri  |r̃i (t)| and φi (t)  arg(r̃i (t)). By defining the
transmit power S  A20 /2, the correlational properties of each
component of r̃i (t) for normalized channel gain are [13]:
 v 
(5)
R(τ )  RXX (τ ) = RY Y (τ ) = S J0 2π τ
λ
where J0 (·) is the zero-order Bessel function of the first kind
[14], [12], v the nodes’ relative velocity, and λ the transmitted
signal’s wavelength.
III. C LOCK O FFSET E STIMATION ACCURACY AS A
F UNCTION OF T RANSMIT P OWER
A. Problem To Solve: Energy Optimization
We use the one-way message exchange mechanism to deal
with the energy trade-offs in clock synchronization for WSN,
for simplicity reasons. Our model solves the underlying energy
optimization problem by approaching it from a statistical
theory perspective. Let θ̂ be the estimated clock offset between
nodes, with actual clock offset θ, then the estimator’s variance
σθ̂2 relates with the Fisher Information function, denoted by
I(θ, m̃), as [15]:
1
σθ̂2 (m̃) ≥
(6)
I(θ, m̃)
where I(θ, m̃) relates with the likelihood function of θ,
denoted by f (θ, m̃), as follows [15]:
 2

∂
I(θ, m̃)  −E
ln f (θ, m̃)
(7)
∂θ2

For Cramer-Rao efficient estimators [15], i.e. those that attain
equality in (6), the synchronization accuracy can be expressed
as a function of the transmit power, denoted by Sopt , as
follows:
1
<
(8)
find Sopt s.t. σθ̂2 (m̃) =
I(θ, m̃)
Pairwise energy optimization can be achieved by minimizing
both transmitter and receiver energy, hence the total pairwise
synchronization energy, denoted by A(S, m, δ), determined by
the transmit power S and the total synchronization time (m ·
δ) during which transmitter and received nodes must remain
turned on, is given by:
A(S, m, δ) = S · m · δ

(9)

Thus, the objective function of the minimization problem is
described by:

dA(S, m, δ) 
=0
(10)
find Sopt s.t.

dS
S=Sopt
B. Joint PDF of the Received Envelope’s Components
When transmitting m number of messages, the sets X =
m
{Xi }m
i=1 , Y = {Yi }i=1 described in (4) exhibit the following
joint probability density function (pdf):


exp − 12 [x, y]T · C −1 · [x, y]
fXY (x, y) =
(11)
(2π)m |C|1/2
where x = [x1 x2 . . . xm ]T , y = [y1 y2 . . . ym ]T , and
[x, y] = [x1 x2 . . . xm y1 y2 . . . ym ]T are column vectors. The
covariance matrix C is defined by:
C=

Ca
0

0
Ca

(12)

being the autocorrelation matrix of both X and Y , denoted
by Ca , defined as follows:
⎞
⎛
α11 α12 . . . α1m
⎜ α12 α11 . . . α2m ⎟
⎟
⎜
Ca = ⎜ .
(13)
..
.. ⎟
..
⎝ ..
.
.
. ⎠
αm1 αm2 . . . αmm
where αij = R (Ts · (i − j)) and 1/Ts is the symbol rate. The
correlation level, denoted by ρ, is defined by [5]:
ρ=

C − diag(C)F
CF

(14)

where CF is the Frobenius norm of C and diag(C) is
a matrix containing only the main diagonal of C. Hence,
ρ ranges from 0 (uncorrelated channel uses) to 1 (highly
correlated channel uses).
C. Received Instantaneous Power
Recalling (4), the absolute value of the received envelope,
ri , follows a Rayleigh distribution and the phase, φi (t), or
simply denoted as φi from this point onwards, is uniformly
distributed in the range [0, 2π], namely xi = ri cos φi and
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yi = ri sin φi , with ri ≥ 0 and φi ∈ [0, 2π]. Therefore, the
joint pdf of the received complex envelopes is defined by:
frφ (r, φ)

= |JXY (r, φ)| fXY (x(r, φ), y(r, φ))
m

ri
(15)
= fXY (x(r, φ), y(r, φ))
i=1

where r = [r1 . . . rm ] , φ = [φ1 . . . φm ] , and |JXY (r, φ)| is
the Jacobian of the transformation x(r, φ) and y(r, φ). The
joint pdf of r, denoted by fr (r), is obtained as follows:
 2π
 2π
...
frφ (r, φ)dφ1 . . . dφm
(16)
fr (r) =
0

0

Let M̃ be a correlated binomial random variable representing
the number of successfully received messages, with expected
value E[M̃ |m] = m̃. Consider the probability of receiving k
successful messages when transmitting m messages, denoted
as P (M̃ = k), for k = 0, 1, . . . , m. The expression of
P (M̃ = k) is obtained from joint 
probability of the envelopes
2 γ , where σ 2 is the
ri with respect to the limit β = 2 σN
0
N
AWGN noise power at the receiver node and γ0 is the minimum acceptable SNR threshold. Let U = {r1 , r2 , . . . , rm }
be a set of received envelopes, then let L = {Vln } be a set
containing thek-order subsets of distinct combinations of U ,
with q = m
k , n = 1, 2, . . . , q, and l = 1, 2, . . . , k. Each
subset Vln contains k number of elements, denoted by vln .
The relative complement of Vln with respect to U , denoted as
Vln , contains (m − k) number of elements, denoted as wln .
Therefore, P (M̃ = k) can be found as follows:
P (M̃ = k) =

q

n=1



Pr Vln > β, Vln < β

(17)

where Vln > β = v1n > β, . . . , vkn > β indicates k successn
fully received messages, Vln < β = w1n < β, . . . , wm−k
<β
correspond to (m − k) unsuccessfully received messages, and
Pr is the cumulative density function of r, obtained by definite
integration of (16). The expression of E[M̃ |m] is given by:
m̃ = E[M̃ |m] =

m


k P (M̃ = k) = m · [1 − Pout (S)] (18)

k=1

where the rightmost term in (18) corresponds to the expectation of the binomial distribution. Hence, the average outage
probability Pout (S) can be obtained as follows:
m̃
(19)
Pout (S) = 1 −
m
D. Gaussian Distribution Function of the Clock Offset
As per (7), the Fisher Information function requires a
likelihood function to be applied. Considering the case of
Gaussian distributed likelihood functions [16], for m̃ Gaussian
i.i.d observations of θ, their joint pdf is expressed as:
⎡
⎤
m̃
2

1
(θi − θ) ⎦
f (θ, m̃) =
exp ⎣−
(20)
2σV2
(2πσV2 )m̃/2
j=1
where σV2 is the variance of the measurement noise of θ.
Operating with (7), (8) and (20), we obtain:
m̃
1
I(θ, m̃) = 2 >
(21)
σV


Fig. 2. Number of messages vs. transmit power and nodes’ relative velocity.
2 = 7mW,
Simulation parameters:f = 2.4GHz, Tm = 3ms, Ts = 80 Tm , σN
σV = 1, γ0 = 5 dB,  = 0.01.

Recalling (9) and taking the lower bound condition in (21),
the minimization problem becomes:
minimize A(S, m, δ) s.t.

1
m̃
=
σV2


(22)

By combining (1), (9) and (18) into (22), the minimization
problem presented in (10) becomes:



σV2 Tm d
S

=0
(23)

dS [1 − Pout (S)]2 S=Sopt
The solution to (23) determines the minimum transmit power
Sopt for achieving the optimal trade-off between energy and
synchronization accuracy in WSN’s.
IV. S IMULATION R ESULTS
This section depicts the results of network characteristics
given by the transmit power, minimum number of transmitted
messages and nodes’ relative velocity. Fig. 2 shows the region
of energy-optimal network characteristics, which enables the
network designer to devise an energy-efficient WSN. The
minimum number of transmitted messages m is inversely
proportional to the transmit power S for large values of the
latter. For small values of S and slow moving nodes, m
increases due to the effect of high channel correlation, which
is in line with the results presented in [5]. As the velocity
grows, the channel correlation decreases and the problem tends
to the uncorrelated channel case studied in [4]. Fig. 3 depicts
the energy trade-offs and number of transmitted messages for
nodes moving at constant velocity, for different values of the
synchronization accuracy . For a given S, the synchronization
energy grows as  is enhanced. Fig. 4 compares the proposed
lower limit with the results obtained in [5]. It can be seen the
total pairwise energy employed by [5] is above the optimal
lower bound presented in this work.
V. A PPLICATION TO WSN D ESIGN
Considering the tracking application of energy-constrained
moving nodes detailed in [17], let each node be allocated
an energy budget to achieve synchronization, denoted as
Esync . Fig. 3 depicts the family of curves that satisfy a
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that best fits an energy-constrained application with moving
nodes under correlated Rayleigh fading channels. This work
presents a framework which allows to obtain an energyoptimal solution by finely tuning the transmit power, the number of transmitted messages and the synchronization accuracy
within a predefined synchronization energy budget. For timeconstrained and energy-constrained applications, the number
of transmitted messages plays a predominant role in the
total synchronization time, which is why the synchronization
accuracy shall be strategically chosen from a set of solutions
made readily available in the proposed model.
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